We study tidal effects induced by a particle moving along a slightly eccentric equatorial orbits in a Schwarzschild spacetime within the gravitational self-force framework. We compute the first order (conservative) corrections in the mass-ratio to the eigenvalues of the electric-type and magnetictype tidal tensors up to the second order in eccentricity and through the 9.5 post-Newtonian order. Previous results on circular orbits are thus generalized and recovered in a proper limit.
I. INTRODUCTION
The problem of determining the gravitational field dynamically generated by a two-body system in a fully general relativistic context is of great interest today, in view of the recent detections of gravitational wave signals associated with the interactions of (massive, spinning) compact objects [1] [2] [3] [4] [5] [6] .
However, it is a matter of fact that 1) no exact solutions of the Einstein's field equations are available yet for an interacting two-body system; 2) numerical relativity (NR) simulations (allowing to enter the strong-field regime of the late-time dynamical evolution of the system) can be performed, but require very long computational times and need to be tested through results obtained by different approaches; 3) analytical approaches exist only in some limiting situation and use a variety of approximation methods.
During the last years, the Gravitational Self-Force (GSF) approach has proven to be very useful to produce analytical results valid for extreme mass-ratio binaries and in the weak-field limit of the two-body interaction region (they are indeed achieved in a Post-Newtonian (PN) way, i.e., as series expansion in powers of 1/c [7, 8] ). GSF is, substantially, the most recent development of the general relativistic perturbation theory, containing all necessary tools to explore the "regular" gravitational field generated by one body along the world line of the other one as well as by itself along its own world line.
The first explicit GSF analytical calculation was performed in 2013 at the fourth PN level [9] . Later on, even more accurate results have been then obtained through (very) high PN-orders, for either metric-based gauge-invariant quantities, like the redshift invariant, connection-based quantities, like the precession angle of a gyroscope, and curvature-based quantities, like the tidal invariants measured along the world line of the perturbing body. Their proper transcription into other formalisms (like the effective one-body (EOB) model introduced by Buonanno and Damour in 1999 [10, 11] ) has provided a lot of information about the underlying physics during the evolution of the two bodies.
GSF studies were initially performed in the case of circular orbits (corresponding to the initial, inspiralling phase of the interaction) and for structureless particles orbiting a non-spinning (Schwarzschild) black hole [12] [13] [14] [15] [16] [17] [18] [19] [20] . Generalizations to spinning (Kerr) black holes and non-circular orbits have then been recently obtained in Refs. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . This kind of calculations are straightforward in principle, but require a lot of technicalities and computational resources making very slow any progress when relaxing the circular condition.
In this paper, we compute the GSF corrections to the eigenvalues of the electric-type and magnetic-type tidal tensors for slightly eccentric equatorial orbits in the Schwarzschild spacetime up to second order in the eccentricity and through the 9.5PN order. Tidal interaction effects have been extensively studied in the literature by using different approaches. The tidal potentials have been identified and (a hierarchy of them) skeletonized through an effective action approach in Ref. [33] . The inclusion of tidal interactions in EOB-based codes computing waveforms for binary neutron star coalescence was done in Refs. [34, 35] , where the comparison between NR longterm simulations and current versions of EOB modeling was discussed, together with the difficulties in obtaining NR data of sufficient accuracy. GSF analytical contributions to the tidal dynamics are available only for circular orbits in a Schwarzschild background, in the case of spinless bodies [18-20, 36, 37] and very recently for spinning bodies too, to first order in spin [38] . The present work thus provides new information about the two-body tidal interaction in the extreme-mass-ratio limit at disposal of both semi-analytical and fully numerical approaches. The next step for further research in this context will be 1) the generalization of the present results to a Kerr background, and 2) to consider higher multipolar structure of the perturbing body, in which case available results are limited to spin-square and 1PN approximation [39] [40] [41] [42] .
II. ECCENTRIC ORBITS AND GSF
Consider a binary system consisting of a spinless compact body (with mass m 1 ) and a Schwarzschild black hole (with mass m 2 ), whose mass ratio is q ≡ m 1 /m 2 ≪ 1. Through O(q), the small body can then be considered as following a geodesic orbit in a (suitably regularized) perturbed spacetime g R αβ . The latter is decomposed as g
whereḡ αβ is the background spacetime
with f = 1 − 2m2 r , and q h R αβ is the first-order SF metric perturbation. Henceforth, we shall omit the superscript R.
Let the perturbing body move along a slightly eccentric equatorial orbit. The motion is thus characterized by the radial and (averaged) azimuthal angular frequencies denoted by Ω r = 2π/T r and Ω φ = Φ/T r , respectively. Here, T r denotes the radial period, whereas Φ is the accumulated azimuthal angle from periapsis to periapsis.
Akcay, Dempsey and Dolan [43] showed how to calculate the O(q), GSF contribution to any gauge-invariant function Y (m 2 Ω r , m 2 Ω φ ; q), i.e.,
for fixed values of the two frequencies (Ω r , Ω φ ). Once the function ∆Y (Ω r , Ω φ ) is computed, one can then reexpress it as a function of the inverse semi latus rectum u p = 1/p, and eccentricity e, of the unperturbed orbit. This procedure has been recently applied by Kavanagh et al. [44] to determine the spin-precession invariant ∆ψ(u p , e) up to order O(e 2 ) in a small-eccentricity expansion, e ≪ 1, and up to order O(u 6 p ) in the PN expansion, u p = 1/p ≪ 1. Their result has been then improved up to the order O(u 9 p ) (9PN) in Ref. [47] . We compute below the GSF corrections to the eigenvalues of the main tidal tensors (i.e., of the electric and magnetic parts of the Riemann tensor associated with natural observers), generalizing previous results for circular orbits [18-20, 33, 36, 37] . Our results are accurate to second order in the eccentricity and to the 9.5PN order. We refer to previous papers [28, 44, 47] for all the necessary details to implement the various steps of the procedure valid also in this case, including the contribution of the gauge, non-radiative modes associated with spherical harmonics characterized by l = 0, 1 and the regularization method. The explicit expression for these mode metrics can be found in Ref. [28] (see Appendix A there).
A. Geodesics in the background spacetime
The tangent 4-velocityū (ū·ū = −1) to an unperturbed eccentric geodesic orbit on the equatorial plane of the background Schwarzschild spacetime (2) with mass m 2 is given byū
whereṙ ≡ū r is such thaṫ
HereĒ = −ū t andL =ū φ denote the conserved energy and angular momentum per unit mass of the particle, respectively. The orbit can be parametrized either by the proper timeτ or by the relativistic anomaly χ ∈ [0, 2π], such that
They are related by
The (dimensionless) background orbital parameters, semi-latus rectum p and eccentricity e, are defined by writing the minimum (pericenter, r peri ) and maximum (apocenter, r apo ) values of the radial coordinate along the orbit as
and are in correspondence with the particle's specific energy and angular momentum viā
The inverse semi latus rectum, u p ≡ p −1 , is a useful variable, which serves also as PN expansion parameter.
Eq. (7) can be used to solve the equations for t and φ as functions of χ, which are then expressible in terms of elliptic functions. As stated above, eccentric orbits on the background are characterized by two fundamental frequencies,Ω r = 2π/T r andΩ φ =Φ/T r , whereΦ = dφ = dχdφ/dχ is the angular advance during one radial period,T r = dt = dχdt/dχ. To second order in e we find
B. Geodesics in the perturbed spacetime
Bound timelike geodesics in the equatorial plane of the perturbed spacetime (1) have 4-velocity
Here, δu r follows from the normalization condition of u with respect to the perturbed metric, which readsū
where h 00 = h αβū αūβ . Equivalently, one can normalize u with respect to the background metric as in Barack and Sago (BS) [25] , leading tō
where
The 4-velocity 1-form turns out to be
where h αū = h αβū β , and where the further equatorial plane condition δu θ = 0 (implying h θū = 0) has been assumed.
The geodesic equations
determine the evolution of δu t and δu φ , or equivalently of the perturbations in energy δE and angular momentum δL by
where the functions F t and F φ are the covariant t and φ components of the self force
Here we are interested in conservative effects only, i.e., we assume that
cons results in a periodic function of χ. Eqs. (17) can then be formally integrated as
recalling the relations (14) . Here, the conservative self force components are defined by
The integration constants δE BS (0) and δL BS (0) are computed as indicated in Ref. [25] , and turn out to be
with
III. GSF CORRECTIONS TO TIDAL INVARIANTS
In the perturbed Schwarzschild spacetime, Eq. (1), the electric-tidal forces are governed by the potential
Similarly, the magnetic-tidal forces follow the potential
We compute below the first-order self-force (1SF) contribution to the eigenvalues of the tidal-electric, and tidal-magnetic, quadrupolar tensors m
where we used their traceless properties, and the existence of a zero eigenvalue of B(u) [18] . Following the prescriptions of Ref. [43] we define in the perturbed spacetime the tidal eigenvalues
where T r = dτ denotes the radial period with respect to the proper time τ . The first-order GSF correction to λ i is then given by
whereΛ i denotes the background value of dΛ i /dτ . Here δΩ r and δΩ φ denote the GSF corrections to the frequencies
Finally, ∆T r is related to the correction to the DetweilerBarack-Sago (inverse) redshift function U = T r /T r by
We find
The unperturbed (0SF) values of these eigenvalues are easily evaluated from Eq. (27) witḣ
and turn out to be given by
The 1SF corrections are
We give below the 1SF corrections to the tidal invariants λ
and λ (B) 1SF following Refs. [44, 47] . Our results are accurate to second order in eccentricity O(e 2 ) and to 9.5PN order. We postpone to the Appendix the complete, explicit results, anticipating only the first terms of the expansions.
The structure of the various (averaged, as described above) eigenvalues λ
and λ (B) 1SF is consistent with results already obtained for the redshift function and the gyroscope precession angle along eccentric orbits, in the sense that we find series of logarithms with polynomial coefficients and an associated (richer and richer) transcendental structure, e.g.,
where the functions P k (u p , e 2 ), k = 0, 1, 2, have a power expansion in u p which also involves fractional powers; the expansion in e, instead, here only involves the two terms e 0 and e 2 ; the coefficients of the expansion include terms in π k , ln k 2, ln k 3, the Euler constant γ k , k = 1, 2, . . ., and products of them etc. ) .
The circular orbit limit of these expressions is known with very high accuracy [36] and is discussed in the next subsection. Concerning the O(e 2 ) part, the (theoretical) error estimate of our analytical results can be obtained following the analysis presented in Section IV of Ref. [47] . The eccentricity corrections to ∆λ i are expected to have the same form as in Eq. (4.5) there, namely
with c(∆λ i e 2 ) a number of order unity. In fact, the presence of the boundary p = 6+2e between stable and plunging orbits is likely to introduce a singularity in generic dynamical functions of p and e, so that -when expanding such functions in powers of e-a singularity develops at the Last Stable (circular) Orbit (LSO) u p = u LSO = 1/6 in the coefficients. The exponent α N can be suitably chosen to increase the agreement with existing numerical SF data. We fix it to be zero in absence of available data. In particular, for u p = 0.1 and our 9.5PN expressions this gives roughly σ th N PN (∆λ i e 2 (u p )) ≈ 10 −4 . A list of numerical values of the tidal eigenvalues for e = 0.01 and selected values of u p is shown in Table I , with a number of digits according to the estimate given above.
A. Circular orbit limit
Let us now consider the zero-eccentricity limit of the above expressions. Akcay et al. [43] showed that, in the case of the spin precession invariant, the difference between the limit for vanishing eccentricity of ∆ψ, i.e., lim e→0 ∆ψ, and the corresponding quantity ∆ψ circ calcu- lated for circular orbits is proportional to the SF correction to the fractional periastron advance δk circ (see also Ref. [48] ), i.e.,
Note that the factor 86u 2 p − 39u p + 4 can be traced back to the determinant of the Jacobian matrix J = ∂(Ω r ,Ω φ )/∂(u p , e) in the limit e → 0. Indeed
We recall that δk circ is fully known up to the 9.5PN order in terms of the EOB function ρ [12, 31, 45] , and is reexpressed here in terms of u p . Similarly, we find
IV. DISCUSSION AND OUTLOOK
In the last years several analytical, first-order GSF results along eccentric orbits around a Schwarzschild black hole have been obtained, concerning redshift, spin precession and gravitational wave energy fluxes [27, 28, 31, 44, 47, 49] . We have computed here 1SF corrections to the eigenvalues of both the electric-type and magnetic-type tidal tensors up to second order in eccentricity O(e 2 ) and through the 9.5PN order. These results will be of immediate use once converted into other formalisms, like the EOB model, where they will appear as p r -modifications (i.e., eccentricity modifications) to the tidal part of the Hamiltonian (such a tidal part is currently available only in the circular orbit case). We will face with this transcription in future works.
Furthermore, possible generalizations of the present analysis -which seem to be at hand-would require either the use of the Kerr metric instead of the Schwarzschild one, or the addition of the multipolar structure of the perturbing body (tidal invariants in the Kerr case have not been analytically computed yet along circular orbits). We will address these issues in future works too.
Appendix A: List of analytical results
We give below the complete expressions for the 1SF corrections to the electric-type and magnetic-type tidal eigenvalues λ
and λ (B) 1SF , to second order in eccentricity O(e 2 ) and through the 9.5PN order.
GSF corrections to λ (E) 1
We find 
